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Review of Fourier Series

� Deal with continuous-time periodic signals.

� Discrete frequency spectra.
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Two Forms for Fourier Series
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How to Deal with Aperiodic Signal?

A Periodic Signal

f(t)

T

t

If T→∞, what happens?
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Fourier Series vs. Fourier Integral
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Fourier Transform Pair
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Existence of the Fourier Transform

Sufficient Condition:
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Example
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Notation

)()]([ ω= jFtfF

)()( ω→← jFtf F

)()]([1 tfjF- =ωF



Linearity
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Time Scaling
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Time Reversal
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Time Shifting
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Frequency Shifting (Modulation)
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Symmetry Property

)(2)]([ ω−π= fjtFF

Pf)Pf)
ωω=π ∫

∞

∞−

ω dejFtf tj)()(2

ωω=−π ∫
∞

∞−

ω− dejFtf tj)()(2

dtejtFf tj∫
∞

∞−

ω−=ω−π )()(2

Interchange symbols ω and t

)]([ jtFF=



Fourier Transform for 
Real Functions

If f(t) is a real function, and F(jω) = FR(jω) + jFI(jω)

F(−jω) = F*(jω)F(−jω) = F*(jω)
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Fourier Transform for 
Real Functions
Fourier Transform for 
Real Functions

If f(t) is a real function, and F(jω) = FR(jω) + jFI(jω)

F(−jω) = F*(jω)F(−jω) = F*(jω)

FR(jω) is even, and FI(jω) is odd.

FR(−jω) = FR(jω) FI(−jω) = −FI(jω)

Magnitude spectrum |F(jω)| is even, and 

phase spectrum φ(ω) is odd.



Fourier Transform for 
Real Functions
Fourier Transform for 
Real Functions

If f(t) is real and even

F(jω) is real

If f(t) is real and odd

F(jω) is pure imaginaryF(jω) is real F(jω) is pure imaginary
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Example:
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Fourier Transform of f’(t)
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Fourier Transform of f (n)(t)
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Fourier Transform of f (n)(t)

( ) 0)(lim  and  )( =ω→←
±∞→

tfjFtf
t

F

)()()()( ωω→← jFjtf nn F



Fourier Transform of Integral

( ) ( ) 00)(  and  )( ==ω→← ∫
∞

∞−
FdttfjFtf F

( )∫
t 1 ( )ω

ω
=



∫ ∞−

jF
j

dxxf
t 1

)(F

Let dxxft
t

∫ ∞−
=φ )()( 0)(lim =φ

∞→
t

t

)()()]([)]('[ ωΦω=ω==φ jjjFtft FF

)(
1

)( ω
ω

=ωΦ jF
j

j



The Derivative of Fourier Transform
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Basic Concept

Linear System
fi(t) fo(t)=L[fi(t)]

Linear System

fi(t)=a1 fi1(t) + a2 fi2(t) fo(t)=L[a1 fi1(t) + a2 fi2(t)]

A linear system satisfies fo(t) = a1L[fi1(t)] + a2L[fi2(t)]

= a1fo1(t) + a2fo2(t)



Basic Concept

Time Invariant
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Basic Concept

Causal
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A causal system satisfies

fi(t) = 0 for t < t0 fo(t) = 0 for t < t0



Basic Concept

Causal
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Unit Impulse Response

LTI

System

δ(t) h(t)=L[δ(t)]

f(t) L[f(t)]=?
System

f(t) L[f(t)]=?

Facts: )()()()()( tfdtfdtf =ττδτ−=ττ−δτ ∫∫
∞

∞−

∞

∞−





 ττ−δτ= ∫

∞

∞−
dtfLtfL )()()]([ ∫

∞

∞−
ττ−δτ= dtLf )]([)(

∫
∞

∞−
ττ−τ= dthf )()( Convolution



Unit Impulse Response

LTI
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Unit Impulse Response

Impulse Response

LTI SystemLTI System
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Convolution Definition

The convolution of two functions f1(t) and 

f2(t) is defined as:
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Properties of Convolution
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f(t) f(t)*h(t)

Properties of Convolution
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Impulse Response
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Properties of Convolution
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Properties of Convolution
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The following two 

systems are identical
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h2(t) h3(t) h1(t)



Properties of Convolution
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Properties of Convolution
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Properties of Convolution
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Properties of Convolution
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Properties of Convolution
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Properties of Convolution
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Properties of Convolution
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Time Domain Frequency Domain

convolution multiplication
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Properties of Convolution
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Properties of Convolution
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An Ideal Low-Pass Filter
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Continuous-Time 
Fourier Transform

Parseval’s Theorem
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Parseval’s Theorem:
Energy Preserving
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