
Mathematical Analysis of Recursive 

Algorithm using Characteristic 

EquationEquation



Homogeneous Linear Recurrences

• k and ai are constant

• It’s called “linear” because every term t appears • It’s called “linear” because every term ti appears 
only to the first power

• It’s called “homogeneous” because the linear 
combination is equal to 0.



Homogeneous Linear Recurrences

• The following are homogeneous linear 

recurrence equations



Homogeneous Linear Recurrences

• The Fibonacci Sequence is defined as follows:

• Subtract tn-1 and tn-2 from both sides, we get 
homogeneous linear recurrence equation



Characteristic Equation

• Definition



Characteristic (cont.)

• Example 



Characteristic (cont.)

• Theorem. Let the homogeneous linear recurrence 

equation with constant coefficients

be given. If its characteristic equation

has k distinct solutions r1, r2,…,rk, then the only solutions 

to the recurrence are



Characteristic (cont.)

• Consider the following recurrence

1. Obtain the characteristic equation1. Obtain the characteristic equation



Characteristic (cont.)

2. Solve the characteristic equation

3. Apply the theorem to get the general solution: 

4. Determine the values of the constants



Characteristic (cont.)

The solution to this system is c1 =1/5, c2 =-1/5

5. Substitute the constant into the general solution to obtain 

the particular solution:



Non-Homogeneous Linear Recurrences

• k and ai are constant, f(n) is a function other than the zero 
function.

• Develop a method for solving the common case  • Develop a method for solving the common case  

where b is a constant and p(n) is a polynomial in n.



Characteristic (cont.)

• Theorem. A nonhomogeneous linear recurrence of the form

can be transformed into homogeneous linear recurrence

where d is the degree of p(n).



• Theorem. Let r be a root of multiplicity m of the characteristic 

equation for a homogeneous linear recurrence with constant 

coefficients. Then 

are all solutions to the recurrence.



Characteristic (cont.)

• Solve the following recurrence

1. Obtain the characteristic eq for the corresponding 1. Obtain the characteristic eq for the corresponding 

homogeneous eq:



Characteristic (cont.)

2. Obtain a term from the nonhomogeneous part of the 

recurrence

the term is



Characteristic (cont.)

3. Apply theorem to obtain the characteristic eq.

4. Solve the characteristic equation

the roots are r=3 and r=4, and the root r=4 has multiplicity 2



Characteristic (cont.)

5. Apply theorem to get the general solution

We must find another initial condition. Because 

and t1 =12,



Characteristic (cont.)

6. Determine the value of the constants

7. Substitute the constants into the general solution to obtain



Exercises

tn-5tn-1 + 6tn-2 = 0, for n > 1

t0 = 0

t1=1 

tn – 3tn-1 = 4n , for n > 1

t0 = 0

T1=4 
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